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12.4 The Cross Product 
We define the cross product, or  
vector product, for two 3D vectors,  

𝒂 = 〈𝑎1, 𝑎2, 𝑎3〉 and  
𝒃 = 〈𝑏1, 𝑏2, 𝑏3〉, 

by   

𝒂 ×  𝒃 = |
𝒊 𝒋 𝒌

𝑎1 𝑎2 𝑎3

𝑏1 𝑏2 𝑏3

| = 

 

= |
𝑎2 𝑎3

𝑏2 𝑏3
| 𝒊 − |

𝑎1 𝑎3

𝑏1 𝑏3
| 𝒋 + |

𝑎1 𝑎2

𝑏1 𝑏2
| 𝒌 

 
 
 
 
 
 
 
 
 
 

 
Ex: 𝒂 = 〈1,2,0〉 and 𝒃 = 〈−1,3,2〉  

𝒂 ×  𝒃 = |
𝒊 𝒋 𝒌
1 2 0

−1 3 2

| = 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

= (𝑎2𝑏3 − 𝑎3𝑏2)𝒊 − (𝑎1𝑏3 − 𝑎3𝑏1)𝒋 + (𝑎1𝑏2 − 𝑎2𝑏1)𝒌 
 

(       −        )𝒊 − (       −        )𝒋 + (        −        )𝒌 
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You do: 𝒂 = 〈1,3, −1〉, 𝒃 = 〈2,1,5〉. 
Compute 𝒂 × 𝒃 
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Most important fact:  (HW 1-3, 7) 
The vector 𝒗 = 𝐚 × 𝐛 is  
orthogonal to both a and b. 
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Note: If a and b are parallel to each   (HW 10) 
other, then there are many vectors  
perpendicular to both a and b. 
So what happens to 𝒗 = 𝐚 × 𝐛? 
 
Example: Give me any two vectors 
that are parallel and let’s see. 
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Right-hand rule  (HW 6, 10) 
If the fingers of the right-hand curl from a to 
b, then the thumb points in the direction of 
𝐚 × 𝐛. 

Order matters:  a x b = -(b x a) 
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Visual: 3D Desmos - Cross Product Geometry 
The magnitude of 𝒂 × 𝒃. 
 
Thru algebra and using dot product rules (see 
book), it can be shown that 

|𝐚 × 𝐛| = |𝒂||𝒃| sin(𝜃) 
where 𝜃 is the smallest angle between 𝒂 and 
𝒃. (0 ≤ 𝜃 ≤ 𝜋) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
Note: |𝐚 × 𝐛| = |𝒂||𝒃| sin(𝜃) 
is the area of the parallelogram 
formed by 𝒂 and 𝒃  
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Triangle Area / Normal to a Plane  (HW 9) 
Consider the points 

𝑃(2,0,2), 𝑄(−2,1,4), 𝑅(3,2,6) 
Find the area of the triangle PQR. 
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Visual: 3D Desmos 
12.3/12.4 One-Page Summary 

 
     𝒂 · 𝒃 =  𝑎1𝑏1  +  𝑎2𝑏2  +  𝑎3𝑏3 
 
 
 
 
Dot Product “10-star” fact: 
𝐚 · 𝐛 = |𝐚||𝐛| cos(𝜃), where 𝜃 is the tail-to-
tail angle between 𝒂 and 𝒃. (0 ≤ 𝜃 ≤ 𝜋) 
 
Important consequence: 
If a and b are orthogonal, then 𝐚 · 𝐛 = 0. 
 
 
 
 
 
 
 
 

 
 

 
 
Cross Product “10-star” fact: 
𝒗 = 𝐚 × 𝐛 is orthogonal to both a and b.   
 
 
Another Cross-Product fact:  
|𝐚 × 𝐛| is the area of the parallelogram 
formed by a and b. 
(and |𝐚 × 𝐛| = |𝒂||𝒃| sin(𝜃)) 
 
 
 
 

𝒂 × 𝒃  = |
𝒊 𝒋 𝒌

𝑎1 𝑎2 𝑎3

𝑏1 𝑏2 𝑏3

| = = |
𝑎2 𝑎3

𝑏2 𝑏3
| 𝒊 − |

𝑎1 𝑎3

𝑏1 𝑏3
| 𝒋 + |

𝑎1 𝑎2

𝑏1 𝑏2
| 𝒌 

          = (𝑎2𝑏3 − 𝑎3𝑏2)𝒊 − (𝑎1𝑏3 − 𝑎3𝑏1)𝒋 + (𝑎1𝑏2 − 𝑎2𝑏1)𝒌     



  𝒂 =  〈   a 1 ,   a 2 ,   a 3 〉


  𝒃 =  〈   b 1 ,   b 2 ,   b 3 〉


   (               −                 ) 𝒊 −  (               −                 ) 𝒋 +  (                 −                 ) 𝒌


  𝒂   ×   𝒃 =  |    𝒊  𝒋  𝒌     a 1    a 2    a 3     b 1    b 2    b 3 | =


  =  |      a 2    a 3     b 2    b 3 | 𝒊 −  |      a 1    a 3     b 1    b 3 | 𝒋 +  |      a 1    a 2     b 1    b 2 | 𝒌


  =  (   a 2   b 3 −   a 3   b 2 ) 𝒊 −  (   a 1   b 3 −   a 3   b 1 ) 𝒋 +  (   a 1   b 2 −   a 2   b 1 ) 𝒌


  𝒂 =  〈 1 , 2 , 0 〉


  𝒃 =  〈 − 1 , 3 , 2 〉


  𝒂   ×   𝒃 =  |    𝒊  𝒋  𝒌   1  2  0   − 1  3  2 | =


  𝒂 =  〈 1 , 3 , − 1 〉


  𝒃 =  〈 2 , 1 , 5 〉


  𝒂 × 𝒃


  𝒗 = 𝐚 × 𝐛


  𝒗 = 𝐚 × 𝐛


  𝐚 × 𝐛


    𝒂 × 𝒃


   | 𝐚 × 𝐛 | =  | 𝒂 | | 𝒃 |  sin ⁡   ( 𝜃 )


  𝜃


  𝒂


  𝒃


  0 ≤ 𝜃 ≤ 𝜋 )


   | 𝐚 × 𝐛 | =  | 𝒂 | | 𝒃 |  sin ⁡   ( 𝜃 )


  𝒂


  𝒃


  P  ( 2 , 0 , 2 ) ,   Q  ( − 2 , 1 , 4 ) ,   R ( 3 , 2 , 6 )


  𝒂 × 𝒃     =  |    𝒊  𝒋  𝒌     a 1    a 2    a 3     b 1    b 2    b 3 | =   =  |      a 2    a 3     b 2    b 3 | 𝒊 −  |      a 1    a 3     b 1    b 3 | 𝒋 +  |      a 1    a 2     b 1    b 2 | 𝒌


                      =  (   a 2   b 3 −   a 3   b 2 ) 𝒊 −  (   a 1   b 3 −   a 3   b 1 ) 𝒋 +  (   a 1   b 2 −   a 2   b 1 ) 𝒌        


                      =  (   a 2   b 3 −   a 3   b 2 ) 𝒊 −  (   a 1   b 3 −   a 3   b 1 ) 𝒋 +  (   a 1   b 2 −   a 2   b 1 ) 𝒌        


  𝒂 · 𝒃   =     a 1   b 1   +     a 2   b 2   +     a 3   b 3


  𝐚 · 𝐛 =  | 𝐚 |  | 𝐛 |  cos ⁡   ( 𝜃 )


  𝜃


  𝒂


  𝒃


  0 ≤ 𝜃 ≤ 𝜋 )


  𝐚 · 𝐛 = 0 .


  𝒗 = 𝐚 × 𝐛


   | 𝐚 × 𝐛 |


   | 𝐚 × 𝐛 | =  | 𝒂 | | 𝒃 |  sin ⁡   ( 𝜃 )

