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12.4 The Cross Product

We define the cross product, or Ex:a =(1,2,0)and b = (—1,3,2)
vector product, for two 3D vectors, i j k
a = (a4, a,,as) and axXxb=|1 2 0=
b = (bl, bz, b3>, -1 3 2
by . .
i j k ( - Ji—-C - Jj+C - Dk
axXx b=|a a, az|=
by b, b;

a; a3‘ ] |a1
l —
b,

= b, b, Zj”ﬁi L

= (aybz — azb,)i — (a1b3; — azb,)j + (a1b, — ay b))k
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Youdo: a = (1,3,—1), b = (2,1,5).
Computea X b
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Most important fact: (HW 1-3, 7)
Thevectorv =a X bis
orthogonal to both a and b.

More info: 3D Desmos | 12.4 Review



12.4 Cross Product | Page 4

Note: If a and b are parallel to each (HW 10)
other, then there are many vectors
perpendicular to both a and b.

So what happenstov = a X b?

Example: Give me any two vectors
that are parallel and let’s see.
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Right-hand rule (HW 6, 10) o e sovs et e ' lar nd 2 et e o of . e g e i w6 =2,
If the fingers of the right-hand curl from a to

b, then the thumb points in the direction of :

a X b. e

Order matters: axb=-(bxa) @ P 1.
|

(b) Use the right-hand rule to decide whether the components of a x b are positive, negative, or 0.

X-component ---Select--- ~
y-component ---Select--- v
z-component —Select— v
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Visual: 3D Desmos - Cross Product Geometry
The magnitude of a X b.

Thru algebra and using dot product rules (see
book), it can be shown that
|a X b| = |a||b| sin(8)
where 0 is the smallest angle between a and
b.(0 <6 <m) Note: |a X b| = |a]|b| sin(0)
is the area of the parallelogram
formed by aand b
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Triangle Area / Normal to a Plane (HW 9)
Consider the points

P(2,0,2),0(—2,1,4),R(3,2,6)
Find the area of the triangle PQR.
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Visual: 3D Desmos
12.3/12.4 One-Page Summary

2 |

a, dasy, |4 dazy, |41 Qa;
ab —_ a1b1 +a2b2 +a3b3 axb =|l|a ap daz| == b2 b3|l_ bl b3|]+|bi b2|k
by by bs
= (azbs — aszby)i — (aibz — aszby)j + (a,b, — a,by)k
Dot Product “10-star” fact: Cross Product “10-star” fact:

a-b = |a||b| cos(@), where 0 is the tail-to- v = a X b is orthogonal to both a and b.
tail angle betweenaand b. (0 < 0 < m)

Important consequence: Another Cross-Product fact:

If aand b are orthogonal, thena -b = 0. |a X b| is the area of the parallelogram
formed by a and b.
(and |a X b| = |a]|b| sin(8))
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  𝒂 =  〈   a 1 ,   a 2 ,   a 3 〉


  𝒃 =  〈   b 1 ,   b 2 ,   b 3 〉


   (               −                 ) 𝒊 −  (               −                 ) 𝒋 +  (                 −                 ) 𝒌


  𝒂   ×   𝒃 =  |    𝒊  𝒋  𝒌     a 1    a 2    a 3     b 1    b 2    b 3 | =


  =  |      a 2    a 3     b 2    b 3 | 𝒊 −  |      a 1    a 3     b 1    b 3 | 𝒋 +  |      a 1    a 2     b 1    b 2 | 𝒌


  =  (   a 2   b 3 −   a 3   b 2 ) 𝒊 −  (   a 1   b 3 −   a 3   b 1 ) 𝒋 +  (   a 1   b 2 −   a 2   b 1 ) 𝒌


  𝒂 =  〈 1 , 2 , 0 〉


  𝒃 =  〈 − 1 , 3 , 2 〉


  𝒂   ×   𝒃 =  |    𝒊  𝒋  𝒌   1  2  0   − 1  3  2 | =


  𝒂 =  〈 1 , 3 , − 1 〉


  𝒃 =  〈 2 , 1 , 5 〉


  𝒂 × 𝒃


  𝒗 = 𝐚 × 𝐛


  𝒗 = 𝐚 × 𝐛


  𝐚 × 𝐛


    𝒂 × 𝒃


   | 𝐚 × 𝐛 | =  | 𝒂 | | 𝒃 |  sin ⁡   ( 𝜃 )


  𝜃


  𝒂


  𝒃


  0 ≤ 𝜃 ≤ 𝜋 )


   | 𝐚 × 𝐛 | =  | 𝒂 | | 𝒃 |  sin ⁡   ( 𝜃 )


  𝒂


  𝒃


  P  ( 2 , 0 , 2 ) ,   Q  ( − 2 , 1 , 4 ) ,   R ( 3 , 2 , 6 )


  𝒂 × 𝒃     =  |    𝒊  𝒋  𝒌     a 1    a 2    a 3     b 1    b 2    b 3 | =   =  |      a 2    a 3     b 2    b 3 | 𝒊 −  |      a 1    a 3     b 1    b 3 | 𝒋 +  |      a 1    a 2     b 1    b 2 | 𝒌


                      =  (   a 2   b 3 −   a 3   b 2 ) 𝒊 −  (   a 1   b 3 −   a 3   b 1 ) 𝒋 +  (   a 1   b 2 −   a 2   b 1 ) 𝒌        


                      =  (   a 2   b 3 −   a 3   b 2 ) 𝒊 −  (   a 1   b 3 −   a 3   b 1 ) 𝒋 +  (   a 1   b 2 −   a 2   b 1 ) 𝒌        


  𝒂 · 𝒃   =     a 1   b 1   +     a 2   b 2   +     a 3   b 3


  𝐚 · 𝐛 =  | 𝐚 |  | 𝐛 |  cos ⁡   ( 𝜃 )


  𝜃


  𝒂


  𝒃


  0 ≤ 𝜃 ≤ 𝜋 )


  𝐚 · 𝐛 = 0 .


  𝒗 = 𝐚 × 𝐛


   | 𝐚 × 𝐛 |


   | 𝐚 × 𝐛 | =  | 𝒂 | | 𝒃 |  sin ⁡   ( 𝜃 )

